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From a 1981 manusript, unpublished then, now re-typeset for the net ommunity
of the hyperomplex, with my ompliments
Abstrat
In the theory of the hyperomplex, the laws governing the algebra are based on units
that are naturally assoiated with an orthogonal vetor spae, a requirement that is
far from mandatory in many algebrai formulations arising in the ontext of the reals
or the omplex numbers.
1
In this artile the omplementing view is held, in that the
laws of hyperomplex algebra are reast in terms of quite generally posited units.
Proeeding in this manner, a generalized form of the Cayley-Dikson proess is ex-
amined. The representations given are regular bimodular; the resulting matries are
standard exept they are allowed nonstandard multipliation for nonommutative
matrix elements.
Key words: hyperomplex algebras, Cayley-Dikson proess, periodi algebras,
regular representations, nonstandard representations
1 Introdution
Among the innite set of all algebras, there is one lass that stands out for its
members  the algebra of real numbers, the algebra of the omplex numbers,
the algebra of quaternions, and the otonion (or Cayley-)algebra. These alge-
bras, known as hyperomplex algebras, share some unique properties whih,
in part or altogether, are absent from either other algebras or those venturing
beyond.
Frobenius' theorem: Eah assoiative division algebra is isomorphi to either
the algebra of real numbers, the algebra of omplex numbers or the quaternion
1
To name but two prominent examples: algebras with units 1,Φ in the reals, and 1,̟
in the omplex numbers, where Φ = (1+
√
5)/2 and ̟ = (1+
√
3 i)/2 , respetively.
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algebra [1-3℄; for the more general lass of alternative division algebras, the
algebra of otonions has to be inluded.
Hurwitz' theorem: Eah normed omposition algebra with unit element is iso-
morphi to one of the algebras listed above [4-7℄.
The nonassoiativity and/or nonalternativity of an algebra gets in the way
of matrix representation in its usual form. The very uniqueness of properties
of hyperomplex algebras, however, alls for a ontinuation of the matrix-
representation approah, and in 4.2 we present matries with nonstandard
multipliation whih allow aommodating nonassoiativity or nonalternativ-
ity.
As to the appliability of (non-)assoiative or (non-)alternative hyperomplex
algebras in physis, the reader is referred to [8℄.
2 Choie of units
It is ommon ground in the theory of the hyperomplex to start from a ve-
tor spae from whih ensue units that are orthogonal to eah other. To free
ourselves from the limitations of this approah, here, we seek to proeed in a
dierent manner.
Hyperomplex algebra shall be dened as a linear algebra over the eld of
real numbers R (or omplex numbers C), with general element (summation
assumed)
X = x0e0 + xiei, x0, xi ∈ R (or C) (1)
where i = 1 for quadrati algebra, i = 1, 2, 3 for quaternion algebra, and
i = 1, 2, . . . , 7 for otonion algebra.
The units ei satisfy the multipliation rules
e2i
eie0
e0e0
=
=
=
−qe0 − pei, p, q ∈ R (or C)
e0ei = ei,
e0,
(2)
whih is all what is needed to desribe the lass of quadrati algebras, denoted
here C (p, q). For the quaternion algebras, Q (p, q), and otonion algebras,
2
O (p, q), one further rule has to be added:
eiej =
(
δijD + ǫijk
p
2
√−D − p
2
4
)
e0 − p
2
ei − p
2
ej + ǫijk
√−Dek , (3)
where D = p
2
4
− q, and δij is the Kroneker symbol and ǫijk the fully anti-
symmetri Levi-Civita symbol. In a partiular basis, we have ǫijk = 1, with
yli triples ijk = 123, 145, 176, 246, 257, 347, 365 for otonions, and any of
these triples for the quaternion subalgebra.
From Eqs. (2) and (3) we get the ommutation and antiommutation relations
[ei, ej ]
{ei, ej}
=
=
2ǫijk
√−D(p
2
e0 + ek) ,
2
(
(δijD − p24 )e0 − p2(ei + ej)
) (4)
and the assoiation relation
(ei,, ej, ek) =
=
(eiej) ek − ei (ejek)
−D
(
(−p
2
(δij − δjk − ǫijpǫpkr + ǫjkqǫiqr)+
√−D(δiqǫjkq − δpkǫijp))e0+
δjkei − δijek+
(ǫijpǫpkr − ǫjkqǫiqr)er)
(whih, sine δiqǫjkq − δpkǫijp vanishes identially)
= −D
(
−p
2
(δij − δjk − ǫijpǫpkr + ǫjkqǫiqr)e0+
δjkei − δijek+
(ǫijpǫpkr − ǫjkqǫiqr)er) .
(5)
The quaternion units e1, e2, e3 are nonommutative, although assoiative and
alternative; the otonion units e1, e2, . . . , e7 are nonommutative, nonassoia-
tive, and alternative.
Due to linearity we an alulate produts, ommutators and assoiators for
arbitrary quaternions and otonions of the form (1). For an arbitrary hyper-
omplex element X , the onjugate element X¯ is dened by
3
X¯e¯i
=
=
x0e0 + xie¯i ,
−pe0 − ei .
(6)
The onjugation mapping X 7→ X¯ is an involution, i.e. X¯ = X , XY = Y¯ X¯ .
Also, the norm of X is
N(X) = XX¯ = X¯X = Cijxixje0 , (7)
with symmetri quantities
C00 = 1, C11 = C22 = . . . = C77 = q ,
C01 = C10 = C02 = C20 = . . . = C07 = C70 = −p2 ,
C12 = C21 = C13 = C31 = . . . = C67 = C76 =
p2
4
,
and the inverse element X−1 is
X−1 = X¯/N(X), X−1X = XX−1 = 1 · e0 . (8)
In order that a quadrati form (7) beomes positive denite, the well known
Hurwitz riterion requires that the main minors of the assoiated symmetri
matrix be all positive and real. In the ase of the matrix C, these are simply
non-negative powers of −D = q− p2
4
. Hene we an say that algebras C(p, q),
Q(p, q) and O(p, q) are division algebras for p, q real and −D positive, with
nonisomorphi ompanions when p and q render the norm (7) degenerate or
non-denite. To be preise, X = B¯A/N(B) is the solution of the equation
BX = A, and Y = AB¯/N(B) is the solution to Y B = A. It is easily veried
that the norm (7) satises the deomposition property N(XY ) = N(X)N(Y ).
Hene hyperomplex algebras, with dimensions neessarily speied as 1,2,4
or 8, are omposition algebras. When N(XY ) is nondegenerate and positive
denite, the norm serves as a denition of the salar produt (X, Y ), and the
algebra beomes a normed algebra.
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3 The Cayley-Dikson proess
Let A be a 2n-dimensional linear algebra over F (R or C) with an identity
element e0 and involution a 7→ a¯ :
∀a ∈ A, ∃ a¯ ∈ A : a + a¯, a¯a (= aa¯) ∈ F, a¯ = a ;
∀a, b ∈ A : ab = b¯a¯ .
Then by the Cayley-Dikson proess [14℄ a 2n+1-dimensional linear algebra B
an be formed with identity element and involution and A ⊂ B as subalgebra:
⊲ for all possible ordered pairs (a1, a2) formed of a1, a2 ∈ A, addition and
salar multipliation is dened omponentwise and multipliation by the
formula
(a1,, a2) (a3, a4) = (a1a3 − p2 [a1, a4]− p2a2 (a3 − a¯3)− q a¯4a2 + p
2
2
[a2, a4] ,
a4a1 + a2a¯3 − p2 (a2a¯4 + a4a2))
a1, a2, a3, a4 ∈ A , p, q ∈ F.
(9)
The set of all pairs (a1, a2) = b forms a 2
n+1
-dimensional algebra B over
F . The identity element of A, e0, is also the identity of B, and will be
denoted (e0, 0). The set of all elements (a, 0) , a ∈ A, forms a subalgebra
of B isomorphi to A. Adjoined to A is the speial element e˜ = (0, e0)
by whih we an write for an element of B :
b = a1 + a2e˜ ; (10)
multipliation is dened by
(a1+ ae˜) (a3+ a4e˜) = a1a3 − p2 [a1, a4]− p2a2 (a3 − a¯3)− q a¯4a2+
p2
2
[a2, a4] + (a4a1 + a2a¯3 − p2 (a2a¯4 + a4a2))e˜ ,
a1, a2, a3, a4 ∈ A , p, q ∈ F,
(11)
and the involution mapping b 7→ b¯ is dened by
b¯ = a¯1 − p
2
(a2 + a¯2)− a2e˜ . (12)

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Setting out from the real numbers R, the algebras that result at the rst step
are C(p, q) with general element
c = x0e0 + x1e1 , e1e1 = −qe0 − pe1 , (13)
where x0, x1 ∈ R, provided that p, q ∈ R. The norm is
N(c) = cc¯ = c¯c = x20 − px0x1 + qx21. (14)
Taking values p = 0, q = ±1, 0, three important nonisomorphi algebras are
seen to emerge from lass C(p, q):
(1) omplex numbers C(0, 1) ≃ C;
(2) split omplex numbers C(0,−1);
(3) dual numbers C(0, 0).
The transformations C(0, 1) 7→ C(−2 cos pi
2
k, 1), C(0,−1) 7→ C(−1− i2k , i2k)
(where in the latter ase i =
√−1, hene p, q, x′0, x′1 ∈ C) yield what may be
termed periodi algebras,
2
a speial sublass eah, eah of whose members is
well-dened exept for poles at k = 2n.
Proeeding from C(p, q), we have at the seond step algebras Q(p, q), with
general element
q
q¯
N(q)
=
=
=
c0 + c2e2 = α0e0 + α1e1 + α2e2 + α3e3, c0, c2 ∈ C(p, q);
c0 = x0e0 + x1e1, c2 = x2e0 + x3e1, x0, x1, x2, x3 ∈ R;
c¯0 − p2(c2 + c¯2)− c2e2 = α0e0 + α1e¯1 + α2e¯2 + α3e¯3;
q¯q = qq¯ = α20 − pα0(α1 + α2 + α3) +
p2
2
(α1α2 + α1α3 + α2α3) + q(α
2
1 + α
2
2 + α
2
3) ;
(15)
whene we validate the relations
α0
α1
α3
=
=
=
x0 +
p
2
(
√−D − p
2
)x3,
x1 − p2x3, α2 = x2 − p2x3,,√−Dx3,
(16)
and also, e22 = −qe0 − pe2.
2
see appendix A
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The three nonisomorphi algebras that arise at this stage are
3
(1) Hamilton's quaternions Q(0, 1);
(2)
1
4
-quaternions Q(0,−1);
(3) duodual numbers Q(0, 0).
At step three, proeeding from Q(p, q), we are led to the algebras O(p, q),
with general element
o
o¯
N(o)
=
=
=
q0 + q4e4 = β0e0 + β1e1 + . . .+ β7e7,
q0,q4 ∈ Q(p, q) ;q0 = α0e0 + α1e1 + . . .+ α3e3,
q4 = α4e0 + α5e1 + . . .+ α7e3;
q¯0 − p2(q4 + q¯4)− q4e4 = β0e0 + β1e¯1 + . . .+ β7e¯7;
o¯o = oo¯ = β20 − pβ0(β1 + . . .+ β7) +
p2
2
(β1β2 + β1β3 + . . .+ β6β7) + q(β
2
1 + β
2
2 + . . .+ β
2
7) ;
(17)
Eq. (17) is aompanied by the relations
β0
β1
β4
β5
e24
=
=
=
=
=
α0 +
p
2
(
√−D − p
2
)(α5 + α6 + α7),
α1 − p2α5, β2 = α2 − p2α6, β3 = α3 − p2α7,
α4 − p2(α5 + α6 + α7),√−Dα5, β6 =
√−Dα6, β7 =
√−Dα7,
−qe0 − pe4 .
(18)
Again, three important nonisomorphi algebras an be diserned:
(1) Cayley's otonions O(0, 1);
(2)
1
8
-otonions O(0,−1);
(3) tridual numbers O(0, 0).
At eah step, up to equivalene within the lass involved, we have one division
algebra (q = 1), one split algebra (q = −1), and one algebra with nilideal
(q = 0), where the problem of isomorphism an be takled in the following
way: Aording to Jaobson [9℄, two Cayley-Dikson algebras A and A′ are
isomorphi if their bilinear forms (X, Y ) = 1
2
[N(X + Y )− N(X)−N(Y )] are
3
were it not for the evidene produed by regular bimodular representation (the
subjet of the next setion), the existene of simple dual numbers ould be revealed
only from the vantage point of quaternions, viz. C(0, 0) ⊂ Q(0, 1) ∪ Q(0,−1)
7
equivalent, i.e., if there is a linear mapping X 7→ XH , Y 7→ Y H of A into A′
suh that N(X) = N′(XH), N(Y ) = N′(Y H), for all X, Y ∈ A.
The Cayley-Dikson-type normed omposition algebras allowed by Frobenius'
and Hurwitz' theorems are exhausted after the rst three steps. After step 3
is also brought to a halt alternativity, sine the Cayley-Dikson proess yields
alternative algebras only if the initial algebra is assoiative; meta-Hurwitz
algebras therefore full but muh weaker identities suh as the exibility law
X(Y X) = (XY )X [12-14℄.
4 Representation of hyperomplex algebra
To keep this setion brief, we just give three spei examples:
(1) Q(p, q)-rep by matries over the eld C ≃ C(0, 1);
(2) O(0, 1)-rep by matries over the quaternioni skew eld Q ≃ Q(0, 1), and
(3) S(0, 1)-rep by matries over the otonioni aq-eld (or alternative quasi-
eld) O ≃ O(0, 1).
For examples (2) and (3), rep matries are nonstandard, although in the rst
example they are in perfet ompliane with representation lore [10℄.
4.1 Representation of Q(p, q)
Eq. (2) an be regarded as a quadrati equation whih resolves into
(e1)1,2 = −p2 ±
√
D, (D = p
2
4
− q)
p, q ∈ C.
(19)
Thus we have
(α0e0 + α1e1 + α2e2 + α3e3) · e1 ≃ (x0e0 + x1e1, x2e0 + x3e1) · (e1, 0)
= ((x0e0 + x1e1)e1 − p2(x2e0 + x3e1)(p+ 2e1) , (x2e0 + x3e1)(−p− e1))
≃ ((x0e0 + x1e1)(−p2 ±
√
D) + (x2e0 + x3e1)(∓p
√
D),
(x2e0 + x3e1)(−p2 ∓
√
D))
= (x0e0 + x1e1, x2e0 + x3e1) ·

−p2 ±
√
D 0
∓p√D −p
2
∓√D

 ;
(20)
8
(α0e0 + α1e1 + α2e2 + α3e3) · e2 ≃ (x0e0 + x1e1, x2e0 + x3e1) · (0, e0)
= (−qe0(x2e0 + x3e1) , e0(x0e0 + x1e1)− p(x2e0 + x3e1)))
≃ ((x2e0 + x3e1)(−q), x0e0 + x1e1 + (x2e0 + x3e1)(−p))
= (x0e0 + x1e1, x2e0 + x3e1) ·

 0 1
−q −p

 ;
(21)
(α0e0 + α1e1 + α2e2 + α3e3) · e3 ≃ (x0e0 + x1e1, x2e0 + x3e1)
·
(
p2−2p
√
−D
4
√
−D e0 +
p
2
√
−De1 ,
p
2
√
−De0 +
1√
−De1
)
= ((x0e0 + x1e1)(
p2−2p
√
−D
4
√
−D e0 +
p
2
√
−De1) + q(
p
2
√
−De0 +
1√
−De1)
·(x2e0 + x3e1)− p2(x2e0 + x3e1)( p
2
2
√
−De0 +
p√
−De1) ,
( p
2
√
−De0 +
1√
−De1)(x0e0 + x1e1) + (x2e0 + x3e1))
≃ ((x0e0 + x1e1)(−1 ∓ i)p2 + (x2e0 + x3e1)(±i)(p
2
2
− q),
(x0e0 + x1e1)(∓i) + (x2e0 + x3e1)(−1± i)p2)
= (x0e0 + x1e1, x2e0 + x3e1) ·

 (−1∓ i)p2 ∓i
±i(p2
2
− q) (−1 ± i)p
2

 .
Of course, e0 ↔

 1 0
0 1

 .
(22)
4.2 Representation of O(0, 1) and S(0, 1)
Proeeding further, we let nonstandard multiplier positions assume the multi-
pliation of rep matries

 a11 a12
a21 a22

 ·

 b11 b12
b21 b22

 =

 c11 c12
c21 c22


:=

 a11b11 + b21a12 b12a11 + a12b22
b11a21 + a22b21 a21b12 + b22a22


(23)
(a deviation entailing failure of assoiativity for nonommutative entries, as
well as failure of alternativity for nonassoiative entries). Writing 1, i, j, k for
9
the units of the quaternioni skew eld Q dened by
i2 = j2 = k2 = ijk = −1, (24)
we observe
(β0e0 + β1e1 + β2e2 + . . .+ β7e7) · e1
≃ (α0e0 + α1e1 + α2e2 + α3e3, α4e0 + α5e1 + α6e2 + α7e3) · (e1, 0)
= ((α0e0 + α1e1 + α2e2 + α3e3)e1, (α4e0 + α5e1 + α6e2 + α7e3)(−e1))
≃ ((α0e0 + α1e1 + α2e2 + α3e3)i, (α4e0 + α5e1 + α6e2 + α7e3)(−i))
= (α0e0 + α1e1 + α2e2 + α3e3, α4e0 + α5e1 + α6e2 + α7e3) ·

 i 0
0 −i

 ;
(25)
(β0e0 + β1e1 + β2e2 + . . .+ β7e7) · e2
≃ (α0e0 + α1e1 + α2e2 + α3e3, α4e0 + α5e1 + α6e2 + α7e3) · (e2, 0)
= ((α0e0 + α1e1 + α2e2 + α3e3)e2, (α4e0 + α5e1 + α6e2 + α7e3)(−e2))
≃ ((α0e0 + α1e1 + α2e2 + α3e3)j, (α4e0 + α5e1 + α6e2 + α7e3)(−j))
= (α0e0 + α1e1 + α2e2 + α3e3, α4e0 + α5e1 + α6e2 + α7e3) ·

 j 0
0 −j

 ;
(26)
and so on, the last in the line being
(β0e0 + β1e1 + β2e2 + . . .+ β7e7) · e7
≃ (α0e0 + α1e1 + α2e2 + α3e3, α4e0 + α5e1 + α6e2 + α7e3) · (0, e3)
= (e3(α4e0 + α5e1 + α6e2 + α7e3), e3(α0e0 + α1e1 + α2e2 + α3e3))
≃ (k(α4e0 + α5e1 + α6e2 + α7e3), k(α0e0 + α1e1 + α2e2 + α3e3))
= (α0e0 + α1e1 + α2e2 + α3e3, α4e0 + α5e1 + α6e2 + α7e3) ·

 0 k
k 0

 ;
(27)
and, of ourse, e0 ↔

 1 0
0 1

 .
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In the same vein, writing 1, i, j, . . . , o for the units 4 of the otonioni alterna-
tive quasi-eld O, where
i2 = j2 = . . . = o2 = −1 = ijk = ilm
= ion = jln = jmo = klo = knm,
(28)
the analogue of the previous result is obtained, with nonstandard rep matries
haraterizing the nonalternative sedenioni algebra S(0, 1),
e0 ↔

 1 0
0 1

 ,
e1 ↔

 i 0
0 −i

 , e2 ↔

 j 0
0 −j

 , . . . , e7 ↔

 o 0
0 −o

 ,
e8 ↔

 0 1
−1 0

 ,
e9 ↔

 0 i
i 0

 , e10 ↔

 0 j
j 0

 , . . . , e16 ↔

 0 o
o 0

 ,
(29)
whih also onludes our journey into the realm of hyperomplex algebra.
The author is indebted to Jens Köplinger whose enthusiasm for the subjet
provided the induement to rie through piles of dust-gathering manusripts
and resue this speimen from oblivion.
A
From Euler's formula
eiz = cos z + i sin z (A.1)
it follows
eipi/2 = i. (A.2)
4
as did Graves and Hamilton in their famous orrespondene
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Exponentiating both sides of (A.2) with t, one obtains the power law of i:
it = cos
π
2
t + i sin
π
2
t. (A.3)
(A.3) an be reast in terms of nontrivial roots of unity, ω. Substituting t = kθ,
it reads
ikθ = cos
π
2
kθ + i sin
π
2
kθ, (A.4)
whene for ω = ik
ωθ = cos
π
2
kθ − cot π
2
k sin
π
2
kθ + ω csc
π
2
k sin
π
2
kθ. (A.5)
The power law in the guise of (A.5) may then be generalized in suh a way that
it lends itself to the desription of two disjoint sublasses of periodi algebras
C(−2ρk cos pi
2
k, ρ2k):
Theorem : The power law
eθ1 = ρ
kθ
[
e0
(
cos
π
2
kθ − cot π
2
k sin
π
2
kθ
)
+ e1ρ
−k csc
π
2
k sin
π
2
kθ
]
(A.6)
desribes two disjoint sublasses of periodi algebras, i.e., for ρ = 1, the sub-
lass of omplex periodi algebras C(−2 cos pi
2
k, 1), and for ρ = i, the split-
omplex sublass C(−1 − i2k, i2k).
Proof : Case ρ = 1 holds trivially by way of identiation e1 ↔ ω. Case ρ = i
follows from a tedious but straightforward appliation of (A.6):
Let
e2θ1 =
=
i2kθ [e0 (a1(2θ)− a2(2θ)) + e1b(2θ)]
i2kθ [e0 (a1(θ)− a2(θ)) + e1b(θ)]2
or
i2kθ

e0

cos2 π
2
kθ︸ ︷︷ ︸ −2 cot
π
2
k cos
π
2
kθ sin
π
2
kθ︸ ︷︷ ︸ + cot
2 π
2
k sin2
π
2
kθ
)
︸ ︷︷ ︸
(a21(θ) −2a1(θ)a2(θ) + a22(θ))
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+e1

2i−k csc π
2
k cos
π
2
kθ sin
π
2
kθ︸ ︷︷ ︸
(2a1(θ)b(θ)
−2i−k cot π
2
k csc
π
2
k sin2
π
2
kθ︸ ︷︷ ︸

 +e21 i−2k csc2 π2 k sin2 π2 kθ︸ ︷︷ ︸


−2a2(θ)b(θ)) b2(θ)
.
By denition, the relation e21 = −qe0− pe1 holds for C(p, q). Whene we have
(i) a21(θ)− 2a1(θ)a2(θ) + a22(θ)− qb2(θ) := a1(2θ)− a2(2θ),
(ii) 2a1(θ)b(θ)− 2a2(θ)b(θ)− pb2(θ) := b(2θ).
Whih, using 2a1(θ)a2(θ) = a2(2θ) and 2a1(θ)b(θ) = b(2θ) , redues to
(i)′ a21(θ) + a
2
2(θ)− qb2(θ) := a1(2θ),
(ii)′ −2a2(θ)b(θ)− pb2(θ) := 0.
Keeping in mind that p = −1− i2k, q = i2k was assumed, for (i)′ one veries
cos2 pi
2
kθ + cot2 pi
2
k sin2 pi
2
kθ − csc2 pi
2
k sin2 pi
2
kθ =
=
cos2 pi
2
kθ − sin2 pi
2
kθ
cosπkθ = a1(2θ);
and for (ii)′,
−2i−k cot pi
2
k csc pi
2
k sin2 pi
2
kθ + i−2k csc2 pi
2
k sin2 pi
2
kθ + csc2 pi
2
k sin2 pi
2
kθ
= i−2k csc2 pi
2
k(−2ik cos pi
2
k sin2 pi
2
kθ + sin2 pi
2
kθ + i2k sin2 pi
2
kθ)
= i−2k csc2 pi
2
k(−2 cos2 pi
2
k sin2 pi
2
kθ − 2i cos pi
2
k sin pi
2
k sin2 pi
2
kθ + sin2 pi
2
kθ
+cos2 pi
2
k sin2 pi
2
kθ − sin2 pi
2
k sin2 pi
2
kθ + 2i cos pi
2
k sin pi
2
k sin2 pi
2
kθ)
= i−2k csc2 pi
2
k · 0 = 0.

The periodi algebras C(−2ρk cos pi
2
k, ρ2k) and Q(−2ρk cos pi
2
k, ρ2k), ρ = 1∨ i,
are uniquely linked to their respetive orthogonal forms, derived from (A.6)
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by setting k = 1:
eθn = e0 cos
π
2
θ + en sin
π
2
θ, α0e0 + αnen ∈ Q(0, 1), (A.7)
eθn = (cos
pi
2
θ + i sin pi
2
θ)(e0 cos
pi
2
θ − ien sin pi2 θ),
α0e0 + αnen ∈ Q(0,−1),
(A.8)
where n = 1, 2, 3, ie0 = e0i, ien = eni.
Theorem : The periodi algebras C(−2ρkcos pi
2
k, ρ2k) andQ(−2ρkcos pi
2
k, ρ2k),
ρ = 1∨i, provide a dual desription of their respetive orthogonalizations (A.7)
and (A.8) by way of their spei representations.
Proof: As C(p, q) forms a subalgebra of Q(p, q), it sues to verify the as-
sertion for Q(−2ρk cos pi
2
k, ρ2k). As was shown in setion 4.1, with Q(p, q) is
assoiated the regular representation
u0 ↔

 1 0
0 1

 , u1 ↔

−p2 ±
√
D 0
∓p√D −p
2
∓√D

 ,
u2 ↔

 0 1
−q −p

 , u3 ↔

 (−1∓ i)p2 ∓i
±i(p2
2
− q) (−1± i)p
2

 .
Settling for the lower sign, Q(−2 cos pi
2
k, 1) has representation
(u(1))0 ↔

 1 0
0 1

 , (u(1))1 ↔

 cos pi2k + i sin pi2k 0
2i cos pi
2
k sin pi
2
k cos pi
2
k − i sin pi
2
k

 ,
(u(1))2 ↔

 0 1
−1 2 cos pi
2
k

 , (u(1))3 ↔

 (1− i) cos pi2k i
−i(cos2 pi
2
k − sin2 pi
2
k) (1 + i) cos pi
2
k

 ,
and Q(−1− i2k, i2k)
(u(i))0 ↔

 1 0
0 1

 , (u(i))1 ↔

 1 0
i2k−1 sin πk i2k

 ,
(u(i))2 ↔

 0 1
−i2k 1 + i2k

 , (u(i))3 ↔

 12(1− i)(1 + i2k) i
i2k−1 cosπk 1
2
(1 + i)(1 + i2k)

 .
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Reinterpreting, in aordane with (A.7) ((A.8)), (u(1))n ((u(i))n) as ((e(1))n)
θ
(((e(i))n)
θ
), the following representations  under the substitution k = θ = τ
 hold true:
(e(1))0 ↔

 1 0
0 1

 , (e(1))1 ↔

 i 0
2i cos pi
2
τ −i

 , (A.9)
(e(1))2 ↔

− cot pi2 τ csc pi2 τ
− csc pi
2
τ cot pi
2
τ

 , (e(1))3 ↔

 −i cot pi2 τ i csc pi2 τ
−i csc pi
2
τ + 2i sin pi
2
τ i cot pi
2
τ

 ,
(e(i))0 ↔

 1 0
0 1

 , (e(i))1 ↔

 1 0
2iτ cos pi
2
τ −1

 ,
(e(i))2 ↔

 −i cot pi2 τ 1 + i cot pi2 τ
1− i cot pi
2
τ i cot pi
2
τ

 , (A.10)
(e(i))3 ↔

 − cot pi2 τ −i+ cot pi2 τ
(−1 + 2 sin2 pi
2
τ)(i+ cot pi
2
τ) cot pi
2
τ

 .
Up to poles for τ even, (e(1))n and (e(i))n all aord the required orthogonality
and thus lay the basis for a dual desription of Q(0, 1) and Q(0,−1). In fat,
the units e′n ≡ (e(1))n ∨ i(e(i))n satisfy the Hamilton relations for quaternions,
(e′)21 = (e
′)22 = (e
′)23 = e
′
1e
′
2e
′
3 = −e0, (A.11)
while the units σn ≡ (e(i))n ∨ −i(e(1))n satisfy the Pauli relations for spin
matries,
σxσy − σyσx = 2iσz,
σxσy + σyσx = 0.
(x, y, z) = cycl. (1, 2, 3) (A.12)

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